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Skipjack tuna in the western and central Pacific



Skipjack tuna in the western and central Pacific

von Bertalanffy

Fitted to otoliths (black)
and tags (blue, red)

Used in the 2022 stock assessment

Can we explore curves with
a slightly different shape?



Looking for Richards

Where do I find the equation to use?

L = f(t, θ)
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▶ Richards (1959)
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▶ Richards (1959)

▶ The ’FSA’ package on CRAN (Derek Ogle)

▶ Tjørve and Tjørve (2010)

▶ Ricker (1979), Schnute (1981), Schnute and Fournier (1980)

▶ Stock Synthesis documentation





New SS3 Richards vignette

https://nmfs-ost.github.io/ss3-website/qmds/richards_growth_curve.html

https://nmfs-ost.github.io/ss3-website/qmds/richards_growth_curve.html


Overview

Introduction beyond von Bert, Stock Synthesis, vignette

Curves von Bertalanffy, Gompertz, Schnute Case 3, (linear, exponential, logistic)

Equations traditional parametrizations, Schnute & Fournier generalizations,

special cases, mathematical properties

Play ’FSA’ package, ’fishgrowth’ package, information from tag recaptures,

the curious case of Schnute 3



Von Bertalanffy
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L = L∞

(
1 − e−k(t−t0)

)

L = L1 + (L2 − L1)
1− e−k(t−t1)

1− e−k(t2−t1)

k → 0 is linear

k < 0 is exponential



Gompertz
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Richards
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Von Bertalanffy = Pütter Growth Curve 1

August Pütter developed and used the ‘von Bertalanffy’ curve,

fourteen years before von Bertalanffy

Pütter (1920, Eq. 3) predicts length L at a given age t as

L = L∞

(
1 − ae−kt

)

Von Bertalanffy (1934, Eq. 2 and 1938, Eq. 6) reparametrized as

L = L∞ − (L∞− L0) e
−kt



Von Bertalanffy reparametrizations

Brody (1945, pp. 527) presented the simplest form of the von Bertalanffy curve:

L = L∞ − ae−kt

Beverton and Holt (1957, pp. 33–34) and Ricker (1958, Eq. 9.5) reparametrized as

L = L∞

(
1 − e−k(t−t0)

)



Von Bertalanffy derivative

From the traditional von Bertalanffy function,

L = L∞

(
1 − e−k(t−t0)

)
we can calculate the derivative:

L′(t) = kL∞ e−k(t−t0)

= k(L∞ − Lt)

This linear relationship is the basis of all parametrizations of the von Bertalanffy curve,
as highlighted by von Bertalanffy (1934, Eq. 1) and later authors:

L′(t) = α − βLt



Von Bertalanffy initial slope

From the derivative,

L′(t) = kL∞ e−k(t−t0)

we can calculate the initial slope:

L′(0) = kL∞ ekt0

The initial slope is kL∞ at age t0.



Von Bertalanffy reparametrizations

Schnute and Fournier (1980, Eqs 7, 8, and 10) introduced a reparametrization

that reduces the parameter correlation, estimating L1, L2, and k:

L = L1 + (L2 − L1)
1− e−k(t−t1)

1− e−k(t2−t1)

Transforming back to traditional von Bertalanffy parameters:

L∞ = L1 +
L2 − L1

1 − e−k(t2−t1)

t0 = t1 +
1

k
log

(
L2 − L1

L2 − L1 e−k(t2−t1)

)



Von Bertalanffy reparametrizations

Francis (1988, Eq. 4) introduced a reparametrization where

the estimated parameters are L1, Lmid, and L2:

Lt = L1 + (L2−L1)
1− r2(t−t1)/(t2−t1)

1− r2

where:

r =
L2 − Lmid

Lmid − L1



Von Bertalanffy reparametrizations

The Stock Synthesis user manual (Methot et al. 2024, Eqs 4 and 5)

parametrizes the von Bertalanffy growth curve as

Lt = L∞ + (L1−L∞) e−k(t−t1)

The user can either specify an age t2 to use a growth curve with L2

or use a dummy value 999 to use L∞ instead. If t2 is specified with

a lower value than 999, then L∞ is calculated as:

L∞ = L1 +
L2 − L1

1 − e−k(t2−t1)



Richards original

The original Richards (1959, p. 292) growth model was presented as:

L1−m = L1−m
∞ × (1− be−kt) m < 1

L1−m = L1−m
∞ × (1 + be−kt) m > 1

Fletcher (1975, Eq. 3.8) and Ricker (1979, Eq. 49) combined both cases into one
equation:

L1−n = L1−n
∞ + k

[
exp

(
−tmnn/(n−1)

/
L∞

)]



Richards as parametrized by Schnute (1981)

Case 1: k ̸= 0, b ̸= 0 (Richards)

L =

[
Lb
1 + (Lb

2 − Lb
1)

1− e−k(t−t1)

1− e−k(t2−t1)

]1/b

Four estimated parameters: L1, L2, k, b

If b is estimated close to 1, you can fix b = 1 and you have von Bertalanffy

If b is estimated close to 0, you can use Case 2 for Gompertz (or fix b = 0.0001 in SS3)

If k is estimated close to 0 you can use Case 3 growth curve



Richards as parametrized by Schnute (1981)

Three-parameter special cases of the Richards curve

Case 2: k ̸= 0, b = 0 (Gompertz)

L = L1 exp

[
log(L2/L1)

1− e−k(t−t1)

1− e−k(t2−t1)

]

Case 3: k = 0, b ̸= 0

L =

[
Lb
1 + (Lb

2 − Lb
1)

t− t1
t2 − t1

]1/b



Richards as parametrized by Schnute (1981)

Backcalculate L∞ and t0:

L∞ =

[
Lb
2 e

kt2 − Lb
1 e

kt1

ekt2 − ekt1

]1/b

t0 = t1 + t2 − 1

k
log

[
Lb
2 e

kt2 − Lb
1 e

kt1

Lb
2 − Lb

1

]



General derivatives

von Bertalanffy

L′(t) = α − βLt

Gompertz

L′(t) = αLt − βLt(logLt)

Richards

L′(t) = αLt + βLn
t



Derivative of Schnute (1981) Case 1

L′(t) = k(Lb
2 − Lb

1)
e−k(t−t1)

b (1 − e−k(t2−t1))

[
(Lb

2 − Lb
1)

(
1 − e−k(t−t1)

)
1 − e−k(t2−t1)

+ Lb
1

]1/b− 1



Richards curves
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Skipjack tuna: Schnute Case 3 model fit
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